This paper investigates the effect of patient choice on kidney allocation using the following sequential stochastic assignment model. There are n transplant patients to be allocated n kidneys that will arrive sequentially. Each patient and each kidney has its own type, kidney types are random and revealed upon arrival, and the reward from allocating a kidney to a particular patient depends on both their types. Patients may choose to accept or decline any kidney offer.
Introduction
In kidney transplantation, the conflict between patient choice and social welfare is not well recognized. While a social planner must develop and implement a kidney allocation system that enhances overall patient outcomes and promotes equity across different patient groups, transplant candidates wish to maximize their own welfare and may choose to refuse a kidney offer in anticipation of a better future offer. Existing studies either take the social planner's perspective (see Wein, 2000 or Votruba, 2002) or the individual candidate's perspective (see Ahn and Hornberger, 1996) but not both.
The goal of this paper is to develop a tractable modeling framework that integrates the two perspectives in order to assess the impact of patient choice on the kidney allocation system.
In 2000, 22,271 new candidates joined the kidney transplant waiting list but only 9,278 transplantations were performed. At the end of the same year, 47,873 were on the waiting list, and its size has been growing steadily. The number of candidates dying while on the waiting list is also on the rise. Despite this acute shortage, nearly half of the available kidneys were refused by the candidates to whom these kidneys were first offered.
Although clinically acceptable for transplantation, these refused kidneys do not represent an attractive option from the candidate's viewpoint because of their quality (such as size and weight), the donor's age, or the donor's medical condition (Chertow, 2002) . During the search for alternative recipients following an offer refusal, kidneys accumulate cold ischemia time (i.e. the time during which the kidney is kept frozen), which leads to inferior transplant outcomes (Chertow et al, 1996) . Kidneys are eventually discarded if not accepted for transplantation within 48 hours from the time they were retrieved from the donor. The total number of discarded kidneys in 2000 was 1,626, or roughly 15% of all those donated; see UNOS (2002) .
While such wastage occurs, repeated attempts to increase the supply of donor kidneys remain unsuccessful. In this light, Gridelli and Remuzzi (2000) argue that the marginal kidneys (e.g. from older donors or from donors with health problems) discarded in the current system should be better utilized and several researchers have offered suggestions for their efficient placement. For example, kidneys from elderly donors as old as 89 years can be successfully transplanted to elderly recipients, with average kidney life exceeding the recipients' remaining life expectancy (Andres et al., 2000) . Similarly, kidneys from donors with Hepatitis C can be offered to candidates already infected with the virus (Chertow, 2002) . However, such allocations are infeasible if transplant candidates refuse kidneys from these "marginal" donors.
In this paper, we develop a modeling framework that captures the conflict between patient choice and social welfare. The sequential stochastic assignment model of Derman, Lieberman, and Ross (1972) , hereafter referred to as the DLR model, provides an appealing starting point. The DLR model assumes that there is a pool of transplant candidates of different (known) types. A finite supply of kidneys arrives sequentially and is allocated to the transplant candidates. The kidney types are random and revealed upon kidney arrival. When a kidney is allocated to a candidate, the candidate receives a reward that depends on both the kidney and the patient types. The reward can be any clinically-valid measure of transplant success such as quality adjusted life expectancy, short-term or longterm graft survival, etc; the medical term "graft" refers to the transplanted kidney. A "social planner" will presumably allocate the kidneys in order to maximize total expected reward for all transplant candidates. By contrast, individual transplant candidates wish to maximize their own expected reward and may decline a kidney offer if they expect future offers to be more attractive.
While the DLR modeling framework is stylized and suppresses important dynamic features of the underlying system, it captures two forces underlying patient choice. First, by having a random stream of kidneys, the model captures the value of declining a kidney: since a future offer may be more appealing than the current one, declining that offer and waiting can be advantageous. Second, because the supply of kidneys in the model is finite, offer declinations can be "costly" since some patients who refuse an offer may never receive another one. Our premise is that these two conflicting forces shape patient choice and interfere with the social planner's overall objective. Hence, the analysis of our stylized model will show how to balance these two forces and alleviate welfare losses caused by self-interested patient behavior.
The analysis proceeds in two steps. Starting with a scenario that assumes patients will accept all kidneys offered, we find the allocation policy that maximizes social welfare; this is referred to as the "first-best" policy (the term is borrowed from the economics literature) as it represents an unattainable ideal given that patients do have choice. The second step introduces patient choice and derives an incentive compatibility condition, which an allocation policy must satisfy in order that candidates accept all kidney offers.
Imposing this condition, we modify the first-best policy to obtain the so-called "secondbest" policy: this policy maximizes total expected reward while ensuring that organ offers are never declined. A comparison of the first-best and second-best policies shows that patient choice causes welfare losses if there is significant variability in kidney types expected by each candidate, if the imbalance between supply and demand for kidneys is not acute, or if patient mortality rates are low.
We then present a numerical study, which used data from the current kidney allocation environment, to provide realistic estimates for the magnitude of welfare losses caused by patient choice. We also compare the first-best and second-best policies with the First-Come-First-Transplanted (FCFT) policy, which is a rough representation of the current allocation system in the United States (see Zenios, Chertow and Wein, 2000) .
The numerical results reveal that in the presence of patient choice, approximately 17% of the donated kidneys are discarded under the first-best policy; this percentage increases to almost 30% under the FCFT policy. On the other hand, the second-best policy ensures that patients accept all kidney offers.
The seminal work by Derman, Lieberman and Ross (1972) analyzed the sequential allocation of a random stream of independent, identically distributed (i.i.d.) jobs to workers of differing capabilities. Albright and Derman (1972) analyzed the asymptotic behavior of the optimal assignment policy for the DLR model, and Albright (1974) considered its continuous-time analogue. Over the next fifteen years, researchers pursued numerous extensions, introducing uncertainty in the number and distribution of these job arrivals (Albright, 1977 , Sakaguchi, 1984 and allowing dependent (Kennedy, 1986 ) and Markov-modulated job arrival processes (Nakai, 1986 a,b and Righter, 1987 , 1989 ). The basic model was applied to kidney allocation by David and Yechiali (1985) , who considered the candidate's (worker's) problem of deciding whether or not to accept a kidney offer (job). They also considered the social planner's problem in David and Yechiali (1990) and its continuous time analogue in David (1995) . Our analysis extends these results in two directions. First, we impose no specific functional forms on assignment rewards. Second, we integrate the perspective of the social planner and that of the transplant candidate within a single framework.
Apart from the sequential stochastic assignment model, matching models (see Roth and Sotomayor, 1992) have been used to examine issues of patient choice in kidney allocation. In particular, a recent paper by Roth, Sönmez andÜnver (2004) studies patient incentives in the context of kidney exchanges; see Rapaport (1986) and Ross and Woodle (2000) for some background of kidney exchanges.
The remainder of the paper is organized as follows. Section 2 describes the model and identifies a policy that is asymptotically optimal in the first-best case. Section 3 discusses the structural properties of the optimal policy. Section 4 develops an incentive compatibility condition and derives the second-best policy. The implications of the incentive compatibility condition are discussed in Section 5. An extensive numerical study is presented in Section 6. In Section 7, we discuss extensions and limitations of the model, and concluding remarks appear in Section 8. The appendix presents all the proofs.
Problem Formulation and Asymptotic Analysis

Basic Model
We first develop a model for the situation where patients do not exercise choice. In this model, there are n transplant candidates to be assigned n kidneys that will arrive sequentially over a discrete time horizon of n periods. Associated with the kidney arriving in period t, where t = 1, ..., n, is a random variable X t indicating its type. The random variables {X t : t = 1, ..., n} are i.i.d. with probability P over the space of all possible kidney types X . Each transplant candidate has its own type i ∈ {1, . . . , m}, and p i denotes the proportion of type-i candidates. All candidates' types are known at the beginning of the horizon, but each kidney's type is only revealed upon arrival. Each new kidney must either be assigned to a candidate or be discarded upon arrival; if assigned, we assume that the kidney will be accepted by the candidate. The reward from assigning kidney x (where x ∈ X ) to a candidate of type i is a continuous function R i (x) ∈ [0, B], and the assigned candidate becomes unavailable for future assignment. The reward function reflects graft survival or quality-adjusted life expectancy following transplantation, and can be estimated empirically from historical transplant data (details are described in subsection 3.2).
The problem is to determine an allocation policy that maximizes total expected reward. Let Y t denote the current candidate pool at time t and i(t, X t , Y t ) the candidate type assigned the kidney. We seek a dynamic assignment policy I = (i(t, X t , Y t )) t=1,..,n that maximizes
A solution to (1) is called "exactly optimal (for n)" if it holds for some finite value of n.
A solution to (1) is called "asymptotically optimal" if it holds as n → ∞.
This formulation relies on several assumptions. First, there are no dynamics of patient arrivals and death-related departures. Essentially, the transplant waiting list is frozen at its current composition, and future patients will be considered for transplantation only after the current waiting list is exhausted. While this is a very simplified view of the problem, it provides an analytically tractable starting point. Su (2004) describes an extension of the model that incorporates the relevant dynamics and demonstrates that the main insights remain unaffected. Second, the supply and demand for kidneys is assumed to be balanced. (Allowing the arrival of "phantom" kidneys that generate zero rewards can assure this.) Third, the objective ignores possible inequities between different patient types. Because equity is in reality a critical objective of the kidney allocation system, we discuss the impact of this assumption in Sections 6 and 7.
Partition Policies
A partition policy is defined as follows: 
where the probability distribution of X is P (·). Constraint (3) states that the expected number of kidneys assigned to each candidate type is equal to the number of candidates of that type. Without this condition, the partition policy may end up discarding kidneys, which is obviously suboptimal since assignment rewards are nonnegative and patients accept all kidney offers.
The main result states that an optimal partition policy is asymptotically optimal as n → ∞. Although an optimal partition policy is not necessarily an exactly optimal policy for a finite n, its performance converges to the performance of an exactly optimal policy as n approaches infinity. To be more precise, consider an arbitrary sequence of kidneys denoted by the n-vector
) denote the total reward from the exact optimal allocation policy (obtained by solving an appropriate dynamic program)
) denote the total reward from this partition policy. Then,
Theorem 1 The partition policy obtained by solving (2)-(3) is asymptotically optimal.
That is,
An outline of the proof follows; the details appear in the Appendix. The proof uses the perfect hindsight upper bound on the optimal expected reward obtained by considering a policy that observes the complete sequence x (n) of kidney realizations before making any allocation decisions. The proof then demonstrates that for large n, the partition policy and the perfect hindsight policy make the exact same allocations over most of the sample paths. In order to obtain the optimal allocation with perfect hindsight, one must solve an assignment problem at the start of the horizon. This assignment problem coincides with (2)-(3) when the empirical distribution of realized kidney types along the observed sample path coincides with the underlying distribution. As the number of kidneys becomes increasingly large, it follows from the large deviations principle that the realized empirical distribution will become arbitrarily close to the underlying distribution. Thus, for large n, the assignments made by the perfect hindsight policy will be almost identical to those made by the partition policy, which is hence asymptotically optimal. For future reference, we shall call this the first-best policy.
Optimal policies for the special cases R i (x) = c i x and R i (x) = 1 {x=i} have previously been obtained by Albright and Derman (1972) and David and Yechiali (1990) respectively; their solutions are consistent with the more general findings in Theorem 1 (see Su, 2004 ).
The first-best policy enjoys several advantages: It reduces the sequential stochastic assignment problem to a set-partitioning problem, it is stationary, and it needs to be computed only once at the start of the planning horizon. Numerical experiments (see Su, 2004 ) also show that, under several special cases for which exact optimal policies are known, more than 95% of optimality is attained when n = 50 and more than 99% of optimality is attained when n = 500.
The Case With Discrete Kidney Types
Suppose the space X consists of k discrete kidney types with probability distribution (q 1 , . . . , q k ), and the reward from assigning a kidney of type j ∈ {1, . . . , k} to a candidate of type i ∈ {1, . . . , m} is r ij . The partition policy can then be represented by the set of numbers {a ij } 1≤i≤m,1≤j≤k . We can interpret a ij as the joint probability that a kidney will be of type j and will be assigned to a type i patient. This implies that the fraction of type-j kidneys assigned to type-i candidates is given by
(2)-(3) becomes the assignment problem:
By Theorem 1, the solution to (5)- (7) yields the first-best policy.
Structural Properties of the Optimal Policy
This section develops structural properties of the first-best policy and discusses their practical implications. Subsection 3.1 introduces the so-called "increasing differences condition" that establishes a natural ordering of candidate and kidney types, and develops an explicit expression for the first-best policy. Subsection 3.2 explains how this condition arises in the context of kidney transplantation and provides an interpretation of the structure of the resulting policy.
The Increasing Differences Property
Definition 1 A sequence of reward functions R 1 , . . . , R m satisfies the increasing differ-
is increasing in x.
The main result is as follows:
Proposition 1 With increasing differences, the first-best policy is given by the partition
, where
and the a i 's are selected such that
Intuitively, the increasing differences property implies that candidate types can be ordered via their corresponding reward functions. Then, the optimal partition is obtained by laying out "intervals" of probability p i over X in the above order, with the leftmost interval corresponding to type 1 candidates, the next one to type 2 candidates, and so on.
Note that the optimal thresholds a i that separate the domains A * i are obtained from the critical fractile solution (8) that balances (in expectation) supply and demand for each candidate type.
Justifying Increasing Differences Using Proportional Hazards Models
Beyond its desirable analytical properties, the increasing differences assumption seems to be a natural one in the context of kidney transplantation. Specifically, it requires an ordering of candidate and donor types such that the incremental benefit from receiving a "better" kidney is larger for "better" candidates. Such an ordering can be made precise using the notion of relative risk from proportional hazards survival models (Cox and Oakes 1984) , which are widely used to assess transplant outcomes.
The hazard function h(t) is the conditional probability that the graft will fail at time [t, t + δ) given that it is still functioning at time t. If z is a vector of covariates that include the relevant clinical attributes of the recipient and the transplanted kidney, the hazard function is given by h(t) = h 0 (t)e
, where θ, the vector of regression coefficients, and h 0 (t), the "baseline" hazard, can be estimated empirically using standard techniques (see Cox and Oakes 1984) . Therefore, a transplant has a higher risk of failure if it involves covariates with a higher "relative risk" e θ T z . The reward function can be then be defined to be S(t), the probability that the kidney functions beyond a given time t, which is given
Alternatively, it can be defined to be the life expectancy of the kidney given by ∞ 0
S(t)dt.
Simple algebra shows that the hazard-based reward functions described above satisfy the increasing differences property if the covariates z do not include an interaction between the clinical characteristics of the donor and the candidate. While such interactions are currently present because of the role of tissue matching, their effect seems to be diminishing over time (see due to improvements in immunosuppressive drugs. Therefore, increasing differences will become an appropriate approximation in the future. This implies that an effective kidney allocation policy can be derived by ranking the candidates and donors according to their contribution to relative risk. Then, kidneys from low-risk donors are allocated to low-risk candidates, while kidneys from high-risk donors are allocated to high-risk candidates.
A Model for Patient Choice
We now assume that there is patient choice. Upon receiving a kidney offer, a patient faces two alternatives: (i) accept the kidney for transplantation, or (ii) decline the offer and rejoin the candidate pool for a future re-assignment. Assuming that candidates are rational, they will accept an offer that maximizes their individual expected reward. In the presence of choice, the planner must specify not only the particular patient who will be offered a kidney, but also what to do when an offer is refused: who should be offered the kidney next and how should the patient who refuses the offer be treated.
In order to simplify the analysis, we make three critical assumptions. First, we assume that within each candidate type, kidneys are allocated according to the FirstCome-First-Transplanted (FCFT) rule. That is, candidates of each type are arranged into separate waiting lists, and each arriving kidney is offered to the candidate at the top of the waiting list of the chosen type. Second, we assume that kidneys declined by the first candidate will not be re-assigned to another candidate. (This is a restrictive assumption, made purely for the sake of analytical tractability; since multiple offers of the same kidney occur in practice, this assumption is relaxed in the numerical investigation of Section 6.) Third, following an offer refusal, the candidate is penalized by moving to the K-th position of the waiting list. In particular, K = 1 implies that candidates are not penalized for refusing kidney offers because they retain their position at the head of the line. This assumption attempts to capture in an imperfect and imprecise way the possibility that a patient may die before she receives a kidney, and it has the same behavioral effect as that of patient death in a more complete model (see Section 7 and Su (2004) for further details). However, the social planner is less concerned about time trade-offs given that it is overseeing a very large population of transplant candidates with frequent kidney arrivals. Assumption (c) implies that candidates wish to maximize the outcome of their own transplant, while the social planner wishes to maximize aggregate outcomes for all candidates. Finally, assumption (d) reflects the limited supply of kidneys and the possibility of not receiving a viable kidney by the end of the planning horizon.
We now proceed in two steps: First, we derive an incentive compatibility condition for an arbitrary partition policy. This condition ensures that transplant candidates will not wish to refuse a kidney offer. In the second step, we formulate the problem of determining the optimal incentive compatible partition policy (second-best policy), which can be obtained by solving the incentive-constrained analogue of the partitioning problem (2)-(3). Our main result is Theorem 2, which shows that the incentive compatibility condition can be expressed simply. 
Theorem 2 For an n-period allocation problem, consider a partition policy A with P (X ∈
Then, the probability that at least one kidney is declined during the entire time horizon approaches zero as n → ∞.
A partition policy satisfying the conditions of Theorem 2 is said to be "asymptotically incentive compatible". The proof relies on a dynamic programming argument and is given in the Appendix, but the idea behind (9) is intuitive. The left-hand side of (9) gives the lowest possible reward offered to a type i candidate while the right-hand side is an upper bound on a candidate's expected future reward if he or she refuses the current offer. If the worst-case reward from accepting an offer today is no less than the expected future reward from waiting, then it is optimal to accept all possible offers, and the partition policy will be incentive compatible.
We are now in a position to modify the formulation of (2)- (3) to obtain the secondbest policy:
such that inf
and
Compared to (2)-(3), which does not involve patient choice, this formulation includes the incentive compatibility constraint (9) , and replaces the "supply balances demand" constraint (3) by the inequality constraint (12) . When strict inequality holds, the assignment domains do not cover the entire kidney space
is no longer considered a partition of the kidney space, but rather a collection of disjoint subsets). This implies that the social planner will have to discard some kidneys because it is not possible to design an incentive compatible policy in which supply is equal to demand. This may seem counter-intuitive in view of the current kidney shortage.
One method to improve the utilization of donated kidneys is to assign the kidneys that would have been discarded (i.e. with types x / ∈ ∪ i A i ) to an arbitrary patient in position L > K, where L is sufficiently large (so this patient is willing to accept it).
While this does not influence the incentives of the first K patients in line, it will influence the incentives of patients further down the line, and raises further questions: How far "down the line" should one go to find patients who will accept these kidneys? How does the reallocation of refused organs affect the incentives of patients below position K?
What is the optimal way to ration the refused organs among the various patient types?
We leave these extensions for future research. However, we do note that the benefits from reallocating refused organs are likely to be miniscule since the numerical results in Section 6 demonstrate that the second-best policy described above utilizes almost all organs.
The formulation presented in Subsection 2.3 can be used to obtain the second-best policy when kidney types are discrete, by solving:
a ij r ij (13) such that
The inequality constraints (14) and (15) state that in expectation, some kidneys may be discarded and some candidates may not receive transplants. The incentive compatibility constraint (16) has a complementary slackness structure because the term in parentheses needs to be non-negative only when a ij is strictly positive, i.e. when candidates of type-i may receive kidneys of type-j. Although the optimization problem is no longer linear, the solution can be computed using algorithms developed for mathematical programs with equilibrium constraints (see Luo et al, 1996) .
Illustrative Example. To illustrate the differences between the first-best and second-best policies, we provide a stylized numerical example. The example assumes that kidney types are uniformly distributed over the unit interval [0, 1] , candidates of all types have equal proportions, the discount factor δ = 1, and supply balances demand. Three different cases are considered, as summarized in Figure 1 .
For each case, assignment domains for the numerically computed second-best policy are shown below the horizontal axis, and the remaining region (a single interval) represents kidneys that have to be discarded. The second-best partition consists of intervals ranked 
Implications of Patient Choice
Next we explore the implications of Theorem 2. The incentive compatibility condition (9) can be rewritten as: The incentive compatibility condition changes depending on the system used to "penalize" patients who refuse an offer. For a system where candidates who have refused a kidney offer are moved to a randomly chosen position on the waiting list, Su (2004) shows that the incentive compatibility condition is:
Here, incentive compatibility is dictated by candidate impatience, offer variability and size of the potential donor pool as before. However, the size of the candidate pool p i now plays the role of the penalty parameter K in (9): an increase in the relative size of the type-i waiting list discourages these candidates from refusing kidney offers, because the expected drop in waiting list position following offer refusals also increases. Notice that explicit dependence on p i is not present in (9) . This suggests that, for the number of refused kidneys to decrease as waiting list sizes increase, penalties must be linked to waitlist sizes; for example, in our model, K should be increased for larger n. In the current allocation system without penalties, offer refusals are not expected to decline even as waiting list sizes continue to grow.
Numerical Study
We now investigate the effect of patient choice in the current kidney allocation environment by means of a numerical experiment based on recent transplantation data and evidence published in the literature. We compare several policies both with and without patient choice to demonstrate that ignoring patient choice in the design of the kidney allocation system diminishes its effectiveness. The goal of this numerical analysis is to investigate the outcome of allocating 40,000 sequentially arriving kidneys. To capture the imbalance between supply and demand, the initial candidate population is taken to be 40,000, 60,000, and 80,000 in three separate scenarios. In each scenario, a random set of candidates is first generated, followed by a random stream of 40,000 donors. Candidate and donor tissue types are generated from the distributions presented in Zenios (1996) , which assumes independence of the six protein These results yield several observations: 4. Redesigning the policy to explicitly capture patient choice leads to the secondbest policy that performs almost as well as the frictionless first-best ideal. Here, each candidate is always assigned a kidney with the same number of matches, and this eliminates the incentive to decline kidney offers. Notice that no explicit penalties were used; the policy maker has merely restricted the variability in the stream of kidneys offered to each candidate.
5.
The results highlight the negative externalities generated by patient choice. In all three scenarios and under both the first-best and FCFT policies, a wide discrepancy exists between outcomes for candidates who eventually receive kidneys and the transplant population as a whole. Patients who eventually accept a kidney enjoy reasonably good outcomes at the expense of a significant number of patients who are left without a kidney at the end of the planning horizon. By manipulating their option to wait, individual candidates can game the kidney allocation system if it ignores patient choice.
Extensions and Limitations
Su (2004) present a more complex model that includes candidate arrivals as well as deathrelated departures (the on-line technical supplement describes this model). However, the key observations remain unchanged: partition policies are asymptotically optimal, and an incentive compatibility condition similar to (9) can be imposed to discourage patients from refusing kidney offers. The factors determining patient choice include supply and demand (i.e. the difference between candidate arrival rates and kidney arrival rates) and death rates, but these were already captured by our analysis above: the relative difference between the sizes of the donor pool P (X ∈ A i ) and the candidate pool p i reflects the supply-demand imbalance, and the discount factor δ indirectly captures the death rate.
Therefore, our insights also apply under continuous time dynamics with patient arrivals (following general renewal processes) and death.
In order for our results to be applicable, patient "types" have to be defined. The numerical example of Section 6 suggests that tissue types can be used to determine patient types. However, a wide array of other variables, such as age, comorbidities, history of dialysis therapy and number of previous transplants, also influence transplant outcomes.
A straightforward approach is to discretize these clinical variables and classify patients accordingly, but this would result in an enormous number of patient types. Another possibility is to use statistical techniques to partition the space of all patients into clusters with similar risk profiles, but this approach raises another question: how many clusters (i.e. patient types) should we use? A large number of patient types would make the system too complex to implement, while a small number of patient types would create large within-group variabilities in transplant rewards, which will create incentives for offer Finally, our analysis has focused on optimizing clinical efficiency, although equity is equally important. The term "equity" in this context captures the desire to "minimize discrepancies across patients", and has two components: (i) process-equity, achieved when allocation procedures do not discriminate between patient types either directly or indirectly, and (ii) outcomes-equity, achieved when all patients enjoy equal outcomes. The partition policies considered in our analysis are not equitable because different types of patients are allocated different types of kidneys and thus experience different outcomes.
The FCFT policy, in which all patients wait for kidneys in the same queue, is processequitable but not outcomes-equitable due to the inherent heterogeneity present in the transplant population. The search for an allocation system that is both equitable and efficient must rely on a precise definition of equity, chosen among many possible ones.
For example, Rawl's (1999) study of fairness and justice suggests the max-min criterion:
maximize the lowest expected reward among all patients. Ultimately, public opinion will determine the most crucial equity metrics that should be used in conjunction with the less-controversial efficiency objective, to determine the "optimal" kidney allocation system. No matter which equity metric is chosen, our analysis suggests that ignoring patient choice can cause a significant waste of irreplaceable kidneys.
Concluding Remarks
This analysis has identified four factors that contribute to a patient's desire to refuse kidneys allocated by a centrally-designed allocation system: variability in type of kidneys offered, supply-demand imbalance, patient mortality/discounting, and penalties for kidney refusal. While some of these factors are beyond the control of policy makers, variability in kidney type can be controlled. Our numerical results suggest that in the absence of adjustments for patient choice, repeated candidate refusals cause as many as 30% of all available kidneys to be discarded. However, an adjustment that minimizes the variability in kidney offers made to each candidate resolves the problem and achieves an efficient distribution of kidneys.
The problem of patient choice in kidney allocation is multi-faceted and complex. This is because a patient's desire to exercise choice interacts with three broad factors:
heterogeneity (clinical characteristics and survival prospects), implementation (allocation rules and priority points), and information (unobserved preferences and health conditions). These factors shape the strategic interactions that take place between transplant candidates and the kidney allocation system. The development of an analytical model that simultaneously captures all these factors appears to be an intractable task. Therefore, we adopt a divide-and-conquer approach. In this paper we focus on patient heterogeneity
and consider a stylized model that abstracts away incentive problems caused by either information asymmetry or by queueing priority disciplines. In Su and Zenios (2004a), we examine the role of the priority discipline, while in Su and Zenios (2004b), we develop a mechanism design model that incorporates information asymmetry. We hope that this research program will lead to a better understanding of the interplay between patient choice and various policy options.
While penalties could be used (at least in theory) to control the externalities created by patient choice, we have demonstrated that explicit penalties are not necessary to induce an efficient allocation of kidneys. However, one may argue that the modification proposed by our second-best mechanism constitutes a penalty of sorts. By restricting the variability in kidney types offered to each patient, the policy restricts a patient's choice. The reader may object that this is as harsh a penalty as any other explicit penalty. This sentiment is indeed defensible, and we do not wish to argue that our proposed mechanism represents the best option. Rather, our objective is more modest: to develop a framework that highlights the impact of patient choice in kidney allocation, opening the way for a more informed debate about the merits of alternative kidney allocation policies. ) is p i . For this reason, we say that the kidney sequence , t) denote the candidate-type that kidney x t is allocated to (or zero if the kidney is discarded), for t = 1, . . . , n. For an index set I ⊂ {1, . . . , n}, let
|I) denote the total rewards from allocations made during time periods t ∈ I.
Analogous quantities for the perfect hindsight policy are denoted R ph (x
and R ph (x (n) |I). We can now proceed with the proof. 
).
Proof First note that no kidneys are discarded under both the perfect hindsight policy (since rewards are non-negative) and the partition policy (because x (n) is typical). Let J ⊂ {1, . . . , n} be the set of time indices over which these two policies make different allocation decisions.
Suppose that (i) does not hold, implying that the partition policy characterized
given perfect hindsight. Then, J must be non-empty and
Now, let us modify the partition policy A * over small neighborhoods of kidney types x t , for every t ∈ J, by mimicking the allocation decisions of the perfect hindsight policy. The continuity of reward functions, together with (19) , implies that the objective function (2) is improved, thus contradicting the optimality of A * . Therefore, (i) must be true and (ii) follows as a corollary.
Approximately Typical Sequences For the next result, recall that B is an upper bound on all possible rewards.
Lemma 2 For every kidney sequence x
(n) = (x 1 , ..., x n ), R ph (x (n) ) − R part (x (n) ) ≤ 2Bn m i=1 |φ i (x (n) ) − p i |.(20)
Proof
Step 1
Fix the kidney sequence x (n)
. Let J denote the periods during which kidneys are discarded under the partition policy and let I denote its complement. Then, construct a kidney sequence y (n)
by letting y t = x t for all t ∈ I and choosing y t for all t ∈ J arbitrarily so that the new sequence y (n)
is typical. Lemma 1 implies that
Equation (22) holds because the sequences x (n) and y (n) are identical on the index set I, and equation (23) holds because kidneys arriving in the complement of I are discarded by the partition policy. Finally, (24) is due to the upper bound B.
Step 2
We use the upper bound B in (26) . Inequality (29) follows from Step 1. Finally,
) − p i |, we have the desired result.
In the next two lemmas, let ε > 0 denote an arbitrary small constant.
Lemma 3 Consider the set of approximately typical kidney sequences defined by
Proof By Lemma 2, it suffices to show that n
where (34) follows from the definition of set A (n)
.
Non-Typical Sequences Before we present the lemma for non-typical sequences, it is necessary to introduce Sanov's Theorem; see Cover and Thomas (1991) for a concise treatment of this result. Notice that the set of approximately typical sequences used in Lemma 3 can be equivalently defined as A
}, where
and can be interpreted as the set of discrete probability distributions z that are "close"
to the distribution p. We will also need the concept of relative entropy defined as
where q is also a discrete probability distribution on the set {1, ..., m}. Then, Sanov's theorem, applied to our context, states the following.
. Then,
This result will be used in the next lemma.
Lemma 4 Consider the set of non-typical sequences
}. Then, for a sufficiently large n,
Proof 
The inequality in (40) follows from an elementary Taylor expansion. The inequality in (41) holds because p and q * both sum to one, and because ( 
where (43) follows from Sanov's Theorem and (44) follows from (42) above.
We are now ready to proof Theorem 1. where (46) follows from the increasing differences property.
Proof of Theorem 1 Lemmas 3 and 4 imply that
We can now prove Proposition 1. Suppose that the partition A * is not optimal.
Then, using an interchange argument (as in the proof of Lemma 1), we can strictly increase the objective function (2). Lemma 5, together with the continuity of reward functions, implies that this is not possible. This completes the proof by contradiction.
Proof of Theorem 2 Denote π i = P (X ∈ A i ). Let V i n (r, Y n ) be the expected discounted reward for a type-i candidate who is offered a kidney that would generate reward r, when there are still Y n type-i candidates unassigned and n time periods remaining. If this candidate refuses this offer, let ρ t denote the probability that his next offer will arrive t periods later, for t = 1, . . . , n. Then, Bellman's optimality equation can be written as follows:
We will now establish that if (9) holds, then V i n (r, X n ) = r satisfies the dynamic programming recursion (47). We begin by observing that the second term in this recursion satisfies: 
The first inequality in (48) follows from the fact that V 
